
Numerical Wave Modeling based on Curvilinear Element Meshes 

V. Berkhahn 
Institute for Computer Science in Civil Engineering, University of Hannover, Germany 

S. Mai 
Franzius-Institute for Hydraulic and Coastal Engineering, University of Hannover, Germany 

ABSTRACT: The results of numerical wave simulations are strongly influenced by the type and 
the resolution of the computational mesh representing the bathymetry. Especially in coastal ar-
eas best results in wave hindcast are acquired using curvilinear meshes as revealed by an analy-
sis of wave propagation in the estuary of the river Ems at the German North Sea Coast. An in-
novative method to generate curvilinear as well as rectangular meshes is based on 
approximation of the bathymetry using an adapted b-splines technique. This approach fits free 
form surfaces to measurements. Its requirements are outlined putting emphasis on the mathe-
matical formulation. 

1 INTRODUCTION 

Numerical simulations in coastal hydrodynamics based on the methods of finite differences re-
quire regular element meshes of bathymetry. Traditionally these meshes are created by interpo-
lation techniques like triangulation or kriging. Alternatively meshes may be created by the ap-
proximation of the bathymetry with free form surfaces, e.g. b-spline surfaces (Berkhahn 2002). 
The latter technique is especially favorable when using curvilinear finite element meshes. The 
type and the resolution of the computational meshes strongly influences the results of numerical 
simulations as modeling of wave propagation within the estuary of the river Ems at the German 
North Sea coast reveals. Within a focus area in the Ems estuary nested models are set-up to ana-
lyze the effect of different bathymetric meshes. At three locations within the focus area the 
wave parameter and spectra are evaluated. 

2 THEORETICAL BACKGROUND OF B-SPLINE SURFACES 

The generation of bathymetric meshes is carried out applying the b-spline technique widely 
used in computer aided geometric design and re-engineering of surfaces. A point on a b-spline 
surface is defined by 
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In equation (1) all expressions in bold face indicate a point in the three-dimensional Euclidian 
space E3. On the left hand side of this equation b(u,v) denotes a point on the b-spline surface in 
dependence of the two parameters u and v. The first expression dij in the double sum describes a 
regular grid of N+1 control points in u parameter direction and M+1 control points in v parame-
ter direction. Often these control points are called de Boor points. The shape functions in u and 
v parameter directions are called b-spline functions ( )K

iN u  and ( )L
jN v , where the upper indices 

K and L indicate the degree of the b-spline functions.  
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The parameters ui and ui+1 denote the lower and upper bounds of the ith parameter interval. 
All bounds of the parameter intervals are gathered in the knot vector u

[ ]0 1, , + += … T
N Ku uu   . (2) 

In order to ensure the property of local modeling possibility, the influence of the control 
points with respect to the shape of the surface has to be restricted to a specified parameter range. 
Therefore the b-spline functions of degree 0 are defined as follows 
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The b-spline functions of higher degree are given with the recursive formula 
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The b-spline function r
iN  of degree r is based on the b-spline functions 1−r

iN  and 1
1
−
+
r
iN   

which ensures the important property of local modeling possibility  

( ) 0=r
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The equation (1) has to be an affine combination. This requirement is fulfilled only within the 
interval 
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which leads to the restriction for the parameters u and v in equation (1).  

3 BATHYMETRY APPROXIMATION 

The boundary control points of the regular control point grid dij in equation (1) are generated 
within the meshing tool HydroMesh (Göbel 2004) by means of b-spline curves. The interior 
control points are generated with the Coons interpolation method. In the case of the Ems estuary 
this leads to the control grid indicated in Figure 1. After this editing process the control point 
grid is generated in the plane and0.0=z  the realistic z-coordinates of all control points are still 
unknown. The adaptation of this initial control grid is performed with an efficient iteration algo-
rithm (Berkhahn & Mai 2004) and yields to the three-dimensional distribution of the adapted 
control point grid illustrated in Figure 1. 

 

      
 
Figure 1. Control points grid of the Ems estuary created with HydroMesh; initial control point grid in the 
xy-plane (left) and adapted control point grid in the E3 space (right) 

Auszug aus: Proc. of the 4th Int. Symp. on Environmental Hydraulics (ISEH), Hong Kong,2004



4 MESH GENERATION 

Since the approximating b-spline surface is based on a regular de Boor point grid it is very easy 
to generate a regular quadrilateral element mesh. The element nodes nij are generated in the uv-
parameter space of the b-spline surface with equal parameters distances ∆u and . With equa-
tion (1) the element nodes 

∆v
nij are determined in the three-dimensional Euclidian space E3

0 0( ,= + ∆ + ∆ij u i u v j vn b )   .  (6) 

The methods of free form surface modeling are implemented into the tool HydroMesh (Göbel 
2004). This tool is used to create various rectangular and curvilinear bathymetric meshes of dif-
ferent resolutions within the focus area. Examples of these meshes are given in Figure 2. The 
element mesh size is set to 50 × 40, 100 × 80, 200 × 160 and 400 × 320 for rectangular meshes 
and to 20 × 80, 40 × 160, 80 × 320 and 160 × 640 for curvilinear meshes.  

 

 
 
Figure 2. Orthogonal element mesh with size 50 × 40 (left) and curvilinear element mesh with size 20 × 
80 (right) created with HydroMesh 

5 WAVE MODEL 

For the different computational meshes wave simulations are carried out using the phase-
averaged model SWAN (Booij et al. 1999, Ris et al. 1999) in its stationary mode. The basis of 
SWAN operated in the stationary mode is the action balance equation 
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The first and the second term on the left hand side represent the propagation of action in geo-
graphical space (with propagation velocities cx an cy in x- and y-space). The third term describes 
the frequency shift due to variations in depths (with propagation velocity cσ in σ-space). The 
fourth term models the depth-induced refraction (with propagation velocity cθ in θ–space). The 
right hand side of the action balance equation is the source respectively sink term of energy 
density representing the effects of generation, dissipation and nonlinear wave-wave interactions. 
Equation (7) is discretized in σ-, θ-space as well as in x-, y-space using the computational mesh 
derived by b-spline surfaces. 

The incoming wave conditions at the northern boundary of these models are derived via nest-
ing into a coarse large scale model for boundary conditions of water levels from 3 m to 5 m 
above mean sea level and wind speeds from 8 m/s to 32 m/s with directions from 0° to 360°. 
Figure 3 exemplifies this approach presenting also a comparison of modeling results calculated 
with a fine rectangular and a fine curvilinear mesh respectively. Although the wave field is 
comparable for both mesh types differences in significant wave heights are found in the direct 
vicinity of the deeper shipping channels, e.g. near location L2.  
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Figure 3. Wave propagation in the estuary of the river Ems: coarse model (left) and nested models with 
different mesh types (right); water level 3 m a. mean sea level (msl), wind 24 m/s, 300°. 

6 RESULTS 

The evaluation of significant wave height and mean wave period at the locations L1-L3, as 
given in Figure 4 and 5, reveals an overestimation of these parameters for coarse meshes.  
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Figure 4. Significant wave height Hs and mean wave period T0,1 at three different locations (L1-L3) 
within the estuary of the river Ems calculated using rectangular meshes of different resolution; water 
level 3 m a. msl, wind speed 24 m/s. 
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Figure 5. Significant wave height Hs and mean wave period T0,1 at three different locations (L1-L3) 
within the estuary of the river Ems calculated using curvilinear meshes of different resolution; water level 
3 m a. msl, wind speed 24 m/s. 

 
The amount of overestimation increases with distance from the model boundaries (Mai & 

Berkhahn 2003). Models with rectangular computational meshes seem to be more sensitive to 
resolution than curvilinear meshes as results of modeling based on curvilinear meshes converge 
much faster with increasing resolution. The differences in the characteristic wave parameters re-
late to differences in the wave spectra (Berkhahn & Mai 2004) as given in Figure 6. Especially 
for frequencies lower than the peak frequency an overshoot in spectral density S(f) is found 
when using coarse computational curvilinear meshes. 
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Figure 6. Wave spectra at three different locations (L1-L3) within the estuary of the river Ems calculated 
using rectangular (top) and curvilinear meshes (bottom) of different resolution; water level 3 m a. msl, 
wind 24 m/s, 300°. 
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7 CONCLUSION 

The type of computational meshes as well as its resolution strongly influence the results of 
phase-averaged wave modeling. The model results converge faster when using curvilinear ele-
ment meshes instead of rectangular meshes. For curvilinear meshing the theory of b-spline ap-
proximation, as realized in the tool HydroMesh, turned out to be very feasible. 
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